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Summary. Distributed Mutual Exclusion algorithms have 
been mainly compared using the number of messages ex- 
changed per critical section execution. In such algorithms, 
no attention has been paid to the serialization order of the 
requests. Indeed, they adopt FCFS discipline. Conversely, 
the insertion of priority serialization disciplines, such as 
Short-Job-First, Head-Of-Line, Shortest-Remaining-Job- 
First etc., can be useful in many applications to optimize 
some performance indices. However, such priority disci- 
plines are prone to starvation. The goal of this paper is to 
investigate and evaluate the impact of the insertion of 
a priority discipline in Maekawa-type algorithms. Priority 
serialization disciplines will be inserted by means of 
a gated batch mechanism which avoids starvation. In a dis- 
tributed algorithm, such a mechanism needs synchroniza- 
tions among the processes. In order to highlight the useful- 
ness of the priority based serialization discipline, we show 
how it can be used to improve the average response time 
compared to the FCFS discipline. The gated batch ap- 
proach exhibits other advantages: algorithms are inherent- 
ly deadlock-free and messages do not need to piggyback 
timestamps. We also show that, under heavy demand, 
algorithms using gated batch exchange less messages than 
Maekawa-type algorithms per critical section excution. 

Key words: Distributed mutual exclusion - Priority - Per- 
formance Distributed synchronization 

1 Introduction 

Over the last years, many distributed mutual exclusion 
(dmutex) algorithms have appeared in the literature [12]. 
In order to reach a common terminology and ground to 
evaluate such algorithms, a taxonomy has been recently 
proposed by Singhal [17]. He divides dmutex algorithms 
in two categories: "token-based" and "non-token-based". 
Such algorithms have generally been evaluated according 
to the number of messages exchanged per CS execution 
( N M )  and the synchronization delay (D), which is the 
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number of sequential messages between two successive 
executions of the critical section (CS). In particular, 
Singha! shows that a reduction of N M  comes always at 
a cost of higher D. 

Maekawa-type algorithms [10] are a subclass of the 
"non-token-based" ones. As thoroughly investigated in 
[16], such a subclass is particularly important since it 
achieves a very good compromise between N M  and D. 
Indeed, D is at most 2 T  (where T is the expected message 
propagation delay between two processes) and the mini- 
mal value of N M  is 3~- , / rN~l  - ~ (where N is the number of 
processes). A weakness of Maekawa-type algorithms is the 
proneness to deadlocks. Each time there is a suspicious of 
a deadlock, additional rounds of messages need to be 
exchanged among the processes to resolve it; obviously, 
deadlocks are especially frequent under heavy demand. 

Singhal extracts a class of deadlock-free algorithms 
from Maekawa-type algorithms [16]. Such a class is dead- 
lock-free in the sense that an algorithm does not need extra 
rounds of messages to recover from a deadlock. The detec- 
tion and resolution of the deadlock is done locally by each 
process. In this class, D is always T, but the minimal value 
of N M  is ~(N - 1). 

In "non-token-based" algorithms [1, 8, 10, 13, 14, 16], 
no attention has been ever paid to the serialization order 
of the requests. Indeed, they use an FCFS discipline to 
serialize the accesses to the critical section, and in such 
a discipline, requests are served in timestamp order. Con- 
versely, the insertion of a priority discipline, such as 
Short-Job-First (SJF), Head-Of-Line (HOL), Shortest- 
Remaining-Job-First (SRJF) etc. [7, 9] could be useful in 
several applications to optimize some performance indices 
[7, 9, 18]. However, priority-based disciplines may exhibit 
starvation phenomenon. Therefore, a solution to the star- 
vation problem has to be found. 

The goal of this paper is to investigate and evaluate the 
impact of insertion of a priority serialization discipline in 
Maekawa-type algorithms. To avoid starvation we use the 
Gated Batch Priority serialization discipline [18]. In such 
a discipline requests are collected in batches, and batches 
are served serially [53. In a distributed algorithm a syn- 
chronization mechanism [15] is necessary to determine 
the end of a batch. Therefore, the execution of each process 
can be seen as a sequence of phases; when a phase ceases, 
a synchronization mechanism among a set of processes is 
employed to enter the next phase. 

In the following we call the Gated Batch Priority 
serialization discipline as P /GB discipline and the algo- 
rithms based on it P /GB algorithms, where the priority 
P may be of any type (SJF, HOL, SRJF, etc.). 

The use of the gated batch serialization discipline ex- 
hibits other advantages: (i) A P /GB algorithm is intrinsi- 
cally deadlock free, (ii) messages do no t need to piggyback 
timestamps nor processes need logical clocks [8, 6]. Con- 
versely, Maekawa-type algorithms need mechanisms for 
timestamp management [-8, 6] and deadlock detection and 
resolution. 

To estimate the algorithms' performance, first we com- 
pare the FCFS discipline with the SJF/GB one and then, 
we compare the values of N M  and D for P /GB algorithms 
with those of Maekawa and Singhal. We found that P /GB 
algorithms need a greater number of messages per CS 

execution only when the request rate is low. Under heavy 
demand, there is a benefit in message traffic irrespective of 
the serialization discipline. Regarding the synchronization 
delay, it is equal to the one of Maekawa-type algorithms in 
the best case, and is 3T in the worst one. 

The paper is organized as follows: In Sect. 2 we briefly 
introduce the system model and basic assumptions and 
definitions. Section 3 gives a short description of Maekawa 
and Singhal-type algorithms. In Sect. 4, we introduce the 
Gated Batch Priority (P/GB) serialization discipline and 
compare it with the FCFS discipline using an SJF priority 
as P. In Sect. 5, we show how to modify Maekawa-type 
algorithms in order to obtain the P / G B  algorithms class 
and we prove its correctness. In Sect. 6, we compare the 
performance indices of P / G B  algorithms with Maekawa 
and Singhal-type algorithms. Section :7 contains con- 
clusions o f  our work. 

2 System model and basic definitions 

A distributed system is a set U of N processes {i , . .  N} 
that communicate solely by exchanging messages. Pro- 
cesses are connected by asynchronous and buffered chan- 
nels. For  each channel we assume that: (All it is reliable. 
(A2) the transmisston times are unpredictable but finite, IA3) 
it is FIFO [messages are delivered in the order they were 
sent). Processes do not share either a common memory or 
a common clock, and no bound exists to the relative speed 
of the processes. Finally, we assume that (A4) no process 
can remain indefinitely in its CS. 

Before introducing the Maekawa-type algorithms, we 
gave some basic definitions: 

request set: Let i be a process, its request set. R~, is the set 
of processes to which i sends a request message whela 
trying to execute its CS: 

grant set: Let i be a process, its grant set. Qi, is the set of 
processes having i in their request set, i.e., Qi is the set of 
processes from which i may receive requests; 

arbiter: Let R; and Rj be the request sets of processes i and 
j, respectively. Any process k s R ~ n R :  is an arbiter of 
the pair (i,j). 

While the performance of a dmutex algorithm are meas- 
ured by means of N M  and D, we compare the serialization 
disciplines using the average response time [7, 9, 18]: 

average response time: the average response time of a re- 
quest of a process is the average interval from the 
request transmission time to the time when the process 
ends executing its CS: it consists of the sum of the 
average interval fi'om the generation time to the time 
when the process starts executing its CS the average 
waitin 9 time - and the time spent by the process in its CS 

the average execution time. 

3 Related work 

3.1 Maekawa-type algorithms 

In Maekawa-type algorithms a request set and a yrant set 
are associated to each process, and each process may both 



request a CS execution and act as an arbiter. Request sets 
satisfy the following conditions: 

(i) (V ie  U : : i E R i )  
(ii) (gi, j ~ U :: RimRj 4 = O) 

A process, say i, contains the following data structures: 
a local queue and a logical clock which is updated accord- 
ing to Lamport 's  rules [6, 8]. The timestamp of i's message 
is equal to i's logical clock value at the time the message 
was sent. The skeleton code executed by i to enter its CS is 
the following (for more details see [10] and [14]): 

i sends a REQUEST message with a timestamp to each 
member of R~. The process executes its CS only when it 
has received a GRANT message from each member of 
R~. Upon exiting from the CS, i sends a RELEASE 
message to each member of Ri. 
Upon receiving a REQUEST message from a member 
of Q,, an arbiter i sends a GRANT message to the 
requesting process only if it has not currently granted 
permission to another process. Otherwise the grant is 
postponed and the request is put on a local queue 
ordered by timestamp. Upon receiving a RELEASE 
message from a member of Q~, process i sends a GRANT 
message to the process whose request is on the top of the 
local queue. 

Each arbiter can grant only one request at a time; thus 
receiving a GR ANT message is like locking the arbiter in 
"exclusive" mode [16]. Such algorithms are prone to dead- 
lock and hence, they need mechanisms (extra messages and 
procedures) for deadlock detection and resolution that 
increase the message traffic. In particular, an arbiter k sus- 
pects a deadlock when it has already sent a GRANT 
message to a process i whose request timestamp is greater 
than the request of the just arrived process]. In such a case, 
a recovery action will be undertaken by k to recover 
a correct serialization order, i.e., if i has not received all the 
GRANT messages, it prematurely releases the lock on k so 
tha t ]  may lock k. A recovery action then needs additional 
rounds of messages to resolve a deadlock even though 
there is actually no deadlock. Therefore, NM~ is at most 
51Rgl. In the best case (i.e., no suspect of deadlock) NM~ is 
equal to 31Ri[. 

As far as D is concerned, it is either T or 2T depending 
on the request sets of the processes of two sucessive re- 
quests. Let i and j be the processes of two successive 
requests, if the arbiter of the pair (i,j) is one of them, then 
D is T, otherwise, D is 2T. 

3.2 Maekawa's symmetric algorithm 

Among Maekawa-type algorithms, the symmetric solu- 
tion, based on "equal efforts" and "equal distribution of 
responsibility", is particularly significant since it gets the 
minimal size of the request sets (i.e., optimal request sets). 
In Maekawa's symmetric algorithm, request sets satisfy 
the following two additional conditions: 

(iii) (Vi e U :: IR, I = K) 
(iv) (Vi c U :: t{ j l i  e R;} t = K) 
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The problem of computing the size of request sets in the 
symmetric algorithm is solved by considering a finite pro- 
jective plane of N points whose order is K - 1. In that 
plane, lines are equivalent to request sets and points to 
processes. It is proved that such a projective plane exists if 
K - 1 is a positive power of a prime. Using the properties 
of finite projective planes, the size of symmetric request 
sets is O(x/N ). Hence, we get: 

N M  = 5 F x ~ - -  1 

N M  = 3~x//N - 1 

(worst case) (3.1) 

(best case) (3.2) 

3.3 Singhal-type algorithms 

Singhal [16] extracts a class of deadlock-free algorithms 
from that of Maekawa. Such a class deadlock-free in the 
sense that an algorithm does not need extra messages to 
recover from deadlocks. The recovery action is undertaken 
locally by each arbiter (for more details see [16]). 

As opposed to Maekawa, each arbiter may grant more 
than one request at a time. This means that an arbiter can 
be locked by several processes concurrently. In particular, 
an arbiter i works as follows: 

Upon receiving a REQUEST message from a member 
of Q~, i sends back a GRANT message if the timestamp 
of the request is lower than the timestamps of all the 
requests of processes that currently lock the arbiter. 
Otherwise the grant is postponed and the request is put 
on a local queue ordered by timestamp. 
Upon receiving a RELEASE message from a member of 
Q~, process i sends a GRANT message to the process 
whose request is on the top of the local queue. 

The request sets in Singhal's algorithm must satisfy the 
following condition (Condition (ii) is not strong enough): 

(v) (Vi, j ~ U such that i + j  :: (i ~ Rj) V (j ~ Ri)) 

Condition (v) implies an increase in the size of request 
sets that, in the optimal case, becomes O(N/2). Singhal 
also gives a method to construct a set of optimal request 
sets. The average number of messages exchanged per CS 

3 N execution is (~ i~ l lR i l ) /X  and in the optimal case it is: 

3 ( N  - 1) 
(3.3) 

Condition (v) also implies that for each pair of pro- 
cesses (i,j), the relative arbiter is always either i or], so D is 
always T. 

4 Serialization discipline characteristics 

The serialization of concurrent accesses to a CS has to be 
carried out by following a starvation-free discipline. The 
algorithm that implements it has to preserve this charac- 
teristic; for instance, the FCFS discipline is starvation-free 
and its implementation in a centralized system can be done 
by means of a simple queue data structure. On the other 
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hand, in a distributed computing system, the data struc- 
ture storing requests cannot be a single one, but it must be 
replicated or distributed in each process. Given the pre- 
sence of the communication media, the message latency 
time cannot be zero and hence, the status of these data 
structures cannot be identical at any given time. To get 
a consistent and unique serialization order of requests, 
timestamps are used in [1, 2, 8, 10, 13, 14, 16]. 

In general, when one wants to implement a serializ- 
ation discipline in a distributed environment, one must: 

ensure that the discipline is starvation-free; 
- evaluate the complexity of its implementation in a dis- 
tributed environment and the communication overhead. 

4. I Gated Batch Priority (P/GB) serialization discipline 

The straight implementation of a priority-based discipline 
may cause indefinite delay of a process. This is true since 
processes with a high priority may continue to enter and 
exit from their own CS's starving processes with low prior- 
ity. A solution to starvation avoidance is to serialize the 
incoming requests by a discipline based on Gated Batch 
Priority Queue [18]. 

Gated batches of the P/GB discipline are formed as 
follows [18]. The first request generated by a process, say i, 
forms the 0-th batch. All requests that arrive when i is in its 
CS form the 1-st batch. When i exits from its CS, the 
requests of the 1-st batch are served according to a non- 
preemptive priority serialization discipline. All requests 
that arrive during the service time of the m-th batch, form 
the m + 1-st batch. Therefore, requests arrived in the 
m + 1-st batch can never supercede requests arrived dur- 
ing previous batches even though they have higher prior- 
ity. When the size of the next batch is zero (i.e., no request 
is found), the first request forms the 0-th batch. 

To clarify the usefulness of the P/GB serialization 
discipline, we show how it improves the average response 
time (see Section. 3) compared to the FCFS serialization 
discipline. In particular, to optimize the average response 
time, we use a Short-Job-First discipline [7, 9] in each 
batch (SJF/GB). For an SJF, the priority class is assigned 
in proportion to the expected CS execution time. 

4.2 SJF/GB serialization discipline analysis 

In this section we compare the average response time of 
the SJF/GB discipline with the one of FCFS in the case 
that the queueing system can be modelled as an M/G/1 
system [18]. The following notation will be used: 

E[T] 
E[w] 
E[W(x)] 

bp 
b 
blZ) 
B(x) 
2p 
2 

mean response time of a request; 
mean waiting time of a request; 
mean waiting time of a request whose CS execu- 
tion time is x; 
execution time of class p; 
mean execution time; 
second moment of the execution time; 
the distribution function of the execution time x; 
request arrival rate of class p; 
request arrival rate; 

pp traffic intensity of requests of class p 
(i.e., pp = 2p b~); 

+ 
pp traffic intensity of requests of class 1, . . . ,  p 

(i.e., P2 = }~f=l Pi); 

p traffic intensity, or offered load 
n 

(Le., p = ~p=l  Pp); 

The average response time is given by the following 
equation: 

E [ T ]  = E [ W ]  + b 

Since b is independent of the serialization discipline, we 
can analyse E [ W  ] in order to compare E [T ]SJF/GB with 
E [T ]vcvs- 

For an SJF/GB serialization discipline, where the pri- 
ority class is assigned in proportion to: the execution time, 
E[W(x)]  of a request of CS execution time x is [18]: 

x 

where: 

2b (2) 
E[W]vcFs = 

2(1 - p) 

and 

b(2)= ~ x2dB(x) 
d 

0 

Then, to evaluate E[W]SJF/GB, the knowledge of B(x) 
is necessary. 

To compare the SJF/GB discipline with the FCFS, let 
us discuss an example. Assume having two classes of 
requests whose mean execution times are equal to b~ and 
b2; moreover, let us assume that b2 is greater than bt. We 
thus obtain for each class of request [18]: 

q E [ W [b 12]sJv/~B - - -  E [ W ]vcvs 
l + p  

l + p ?  + p ;  
- - -  E[W]vcvs E[W[b2]lsjF/GB 1 + p 

Therefore, the average waiting time is 

E[W]sjv/GB - 2 ~  

i.e., 

E[W]sj~/6B 1 + / ) i  + ~ P 

then E[VI/]SJF/O B is less than E[W]vcvs if the following 
inequality holds 

2z 
1 + P l  +21 + , ; t 2  p 

< 1  
l §  



i.e., 

)qbl ~2 
+ < 1  

2161 q- ~2b2 21 -~- "~2 

Without loss of generality let us assume 21 = k2~2 and 
be 

h = ~ .  We have: 

k 1 
k + ~  + ~ < 1 

The latter inequality holds iff: 

h > 1 i.e., b2 > bl. 

Hence, the SJF/GB discipline is better (i.e., it has 
smaller average response time) than the FCFS in the case 
of two classes of requests. The result can easily be extended 
to the general case of an arbitrary number of classes of 
requests [3]. 

5 P/GB algorithms 

In the case of a centralized algorithm, the data structure 
implementing the P /GB serialization discipline could be 
a gated queue. The gated queue data structure is character- 
ized by a queue Qc and an array Qw. 

The requests of the current batch, say m, are stored in 
Qo and are being served. Requests that are received during 
the m-th batch are stored in Qw and will form the m + i-st 
batch. When Qc is empty, Qw'S requests are appended to Qo 
according to the priority discipline, and the system enters 
the m + 1-st batch. 

To implement the gated batch mechanism in 
Maekawa-type algorithms, we use a gated queue at each 
process. Given variable communication delays, we need 
a synchronization [153 among the processes to determine 
the end of a batch and to define which requests will form 
the next batch. Each process execution proceeds in phases. 
During each phase, requests of the current batch are 
granted following the tasks of Maekawa-type algorithms. 
A process starts the synchronization only if it has no 
request of the current batch and enters the next phase only 
when it receives the next batch to be served. Hence, P /GB 
algorithms are obtained from those of Maekawa in the 
following way: 

(i) forcino each process to make a request in each phase, 
(ii) delayin9 the transmission of the request until the pro- 

cess enters the synchronization, and 
Off) forcin# each process to start 9rantin9 requests only 
when it receives a request fi~om each process of its 9rant set. 

Obviously, a request may be authentic for the CS 
access or it may be used only for synchronization (dummy 
request). Each batch will contain only authentic requests. 

Let us spend some words on deadlock. In Maekawa- 
type algorithms [10], the deadlock occurs when distinct 
arbiters take a conflicting decision about the serialization 
of two or more requests. Indeed, each arbiter can receive 
a set of requests in any order due to communication 
delays. As we will prove in Sect. 5.3, our algorithm is 
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inherently deadlock-free. In fact, in each phase, it serves 
a totally ordered and stable set of requests (batch), since 
the batch's service can never be preempted by other re- 
quests, no conflicting decision about the CS execution can 
ever be taken by arbiters. 

Phase-based techniques have been used in many dis- 
tributed applications. For  example, in [11], it was used to 
deliver multicast messages in causal order in a distributed 
system with overlapping groups. Moreover, it was also 
used in the distributed event simulations based on conser- 
vative method [5]. 

In the following, we say that a process is in the m-th 
phase if it is processing the m-th batch as shown in Fig. 5.1. 
For  the sake of clarity, we will explain the data structure 
and the phase transition protocol used in P /GB algo- 
rithms separately. The P /G B algorithm code of a generic 
process, i, is shown in Fig. 5.2, where each message hand- 
ling code is executed atomically. 

5.I Data structures 

Local data structures can be split into two groups. The 
first includes the data structures used to serve requests in 
a batch (GRANT[ ], Qo), whereas the second includes 
data structures of the synchronization (Qw[ ~)- The 
Boolean variable synch-phase indicates if a process is in 
a synchronization. GRANT [ ] is an array of Boolean that 
keeps track of the arrival of the GRANT messages from 
the members of Ri. Its size is [Nil and its components are 
initially set to "false". To execute its CS, a process must 
have all the GRANT components set to "true". Qw and Qo 
have been explained in the previous section; (2~ is a FIFO 
(First-In-First-Out) queue, Qw is an array of integers (in 
process i its size is [Qil) that registers the arrival of 
REQUEST messages to determine the end of a synchroni- 
zation and to store the priority (P > 0) of the requests 
(Qw's components are initially set to " - 1"). In the follow- 
ing we assume that dummy requests have P set to zero and 
that in a batch P ties are broken using process identifiers. 
Such a rule induces a total order, called P-order, on 
requests in a batch. 

However, as we will see in the Sect. 5.3, process i may 
receive at most two REQUEST messages from a process of 
Q~ before i exits a phase. This problem is due to the 
asynchronous evolution of processes and arbitrary net- 
work communication delays. Therefore. Qw must be a two 

Process/ 

REQUEST 

. . . .  

J~ synch batch m-1 t[ synch batchnl 

REQUEST REQUEST R 7 
_ _ _  

l time 

REQUEST I REQUEST 

phase m-2 phase m-1 )hase m phase m+l 

Fig. 5.1. Process activities 
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columns array. Hence, upon receiving a REQUEST mess- 
age, process i will set to P the first column component of 
Qw related to the sender only if its current value is - 1. If 
that value is greater than - 1, the priority is stored in the 
second column of Qw whose component will be copied in 
the first when i exits the synchronization. 

5.2 Synchronization 

A process, say i, enters the synchronization iff the follow- 
ing precondition fl is verified (i.e., all the requests of the 
current batch have been served from the i's point of view): 

fi =- ((2~, is empty) and (sync_phase~ = FALSE) 

Process i enters next phase, executing the following 
phase transition protocol [15]: 

(I) i sends a REQUEST message to all processes in Ri, 
and 

(2) i waits until the phase transition predicate c~ is true 
(i.e., the next batch is ready to be served) 

c~=(VjeQ, : :Qw~[j ,  1 ] >  - 1 )  

Then, authentic requests, if they exist, will be moved from 
Qw~ to Oo~ in P-order and i will start executing the next 
phase granting requests of the next batch. 

From Fig. 5.2 we see that the boolean variable request- 
ing controls that REQUEST messages are sent only once 
for each synchronization. Note that initially/3 is true in 
each process. Therefore, the first request generates the first 
synchronization. 

5.3 Correcmess 

Definition 1. Two processes, i and j, are directly connected 
ill" ((j  ~ Ri) V (i ~ R j)) 

Definition 2. Two processes, i and j, are indirectly connec- 
ted iff(3k + i,j: k ~ R~c~Rj) 

Lemma 1. Any pair of processes (i,j) is connected (directly 
or indirectly) if Maekawa's conditions (i) and (ii) are 
satisfied. 

( i ) ( V i E U : : i E R i )  

(ii) (Vi, j ~ U :: R]~R~ 4: O) 

Proof From (i) and (ii) 

RI~Rj  =l = 0 

if (i V j) e Rf c~ Rj then i and j are directly connected, 
otherwise i and j are indirectly 
connected. [] 

Lemma 2. After a finite time, fi becomes true at each 
process. 

Proof The claim follows from assumptions (A1), (A2), (A3) 
and (A4) and considering that there are a finite number of 
processes and that fi is initially true in each process. [] 

Theorem 1. Conditions of Lemma 1 guarantee that in 
a finite number of message exchanges, all the processes enter 
and exit the same synchronization. 

Proof. Entering phase: Let as suppose a process, say i, 
enters a synchronization. It sends a REQUEST message 
to the processes in Ri. From Lemma 1 and Lemma 2, 
REQUEST messages will be propagated, at most in tWO 
steps, to all processes. Hence, processes not in synchroni- 
zation yet are forced to enter (step 7 of Fig. 5.2). 

Exiting phase: Process i exits the synchronization when 
the transition phase predicate c< is true. It is guaranteed 
that process i will receive the needed REQUEST messages 
because: 

all processes enter synchronization phase; 
each process sent a REQUEST message to its R~'s mem- 

bers at the entering phase; 
assumptions (A1), (A2), and (A3). [] 

Lemma 3. At any given time, all the processes are at most in 
two successive phasesl 

Proof Assume the contrary. There are processes in three 
successive phases m - 2, m - 1 and m. Let us suppose i to 
be a process in the phase an -- 2 andj  to be a process in the: 
phase m. In such a case, j must have just received the 
REQUEST message of phase m - 1 from all members of 
Oj. This is impossible since process i cannot send to R~'s 
members the REQUEST message related to m - 1 phase 
conclusion before entering that phase: In doing so, 
given the assumption (A3) and the constraint (ii) of 
Lemma 1, i blocks the entrance in the phase m of a!l other 
processes. [] 

Notation. a ~ b indicates that request '~ precedes re- 
quest "b" in Q~ of site r (denoted in the following as Qr 

Theorem 2. Any tw o requests "a" and "b" made when the 
processes were in the m-th phase wilt be served in the 
m + 1-st phase, and if they are in two distinct Q~ (Q~ and 
Qr respectively) we have that 

if a ~ b then a ~ b 

Proof Each request made when the process was in the 
m-th phase will be send out during the transition protoco! 
between the m-th and the m + 1-st phase (step 2 Of 
Fig. 5.2). 

- The requests are temporarily stored in Qw~ (s = h, k) 
(step 6); 
- Given Theoreml, h and k exit from the synchronizatiol~ 
(step 8), and "a" and "b" will move from QW, to  
Qo, (s = h, k) (step 8.a); 

In the m + 1-st phase requests are queued in 
Q~ (s = h, k) in P-order (step 8.b); 

therefore, 

/ f a ~ b t h e n a ~ b  [] 

Theorem 3. P/GB algorithms guarantee mutual exclusion. 

Proof Assume the contrary. Two processes, i and j, are 
simultaneously in their CS. In such a case, both of them 
have received a GRANT message from each member of 
their request set R. i.e., 3i ~ U, ~; c U:R~cnR; = 0 .  Givmi 
constraint (ii) of Lemma 1, this is impossible. Therefore, 
the assumption is contradicted and the claim follows. [] 
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Requesting the resource (P) 

beffan 
1. requesting := TRUE; 
2. wait until (~=TRUE) 

then begin 
sync_phase := TRUE; 
for each jeR2 do send REQUEST (i, P) to j; 

end; 

/* precondition */ 

3. waituntil (V jeRi :  GRANT[j]=TRUE)then foreach j e R i  do GRANT[jJ:=FALSE; 

<enter CS> 

4. for each j �9 R i do send RELEASE to j; 

5. requesting := FALSE; 
end. 

Upon receiving a REQUEST(j, P) message: 

begin 

6. if Qw[j,1]= -1 then Qw[J,1]:=P; 
else Qw[j,2]:=P; 

7. if ((]L=-TRUE) and (not requesting)) 
then begin 

sync_phase := TRUE; 
for each j e R i do send REQUEST (i,  @) to j;  

end; 
if (c~=TRUE) 

then begin 
8. 

8.a. 

8.b. 

end; 
end. 

/* precondition */ 

/* dummy request */ 

/* phase transition predicate*/ 

for each j �9 Q• do if (Qw[J, 1]>0 ) then insert (j) in Qc in P-order; 
for each j6Q i do Qw[J, ll:=Qw[j, 21; 
for each J � 9  do Qw[J, 2]:: -1; 
sync_phase:= FALSE; 

if (Qc is not empty) 
then begin 

send GRANT(i) to head(Qc); 
remove(head(Qc)); 

end; 

Upon receiving a GRANT(j) message: 

begin 

GRANT[j] := TRUE; 
end. 

Upon receiving a RELEASE message: 

begin 

(acts like 8.b); 
(acts like 7); 

end. Fig. 5.2. P/GB algorithm code 

Theorem 4. Given assumptions (A1), (A2), (A3), and (A4) 
P/GB algorithms are freedom from starvation. 

Proof Because 

- There  are a finite n u m b e r  of processes;  
- Requests  are serial ized accord ing  to the P / G B  disci- 
pline; 
- Theo rem 2; 

then there is a to ta l  o rder ing  a m o n g  all the requests.  This  
guaran tees  that  the wai t ing  t ime for each request  is finite, 
so s t a rva t ion  is impossible .  [] 

Theorem 5. P/GB aIoorithms are freedom from dead- 
locks. 

Proof Let us assume the cont ra ry ,  i.e., the a lgor i thm is in 
a deadlock .  Then,  no  process  is able to enter  its CS since 
processes  in d e a d l o c k  b lock  all the o ther  processes 
(Lemma  1). In  such a case, no process  has received all 
G R A N T  messages f rom each m e m b e r  of its request  set and  
there is no G R A N T  message in transit .  Two cases are 
possible  depend ing  upon  the n u m b e r  of  processes in 
deadlock:  
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(a) two processes are in deadlock, i.e., 

k ~  U, 3h~ U s u c h t h a t  

Ric~ Rj _~ { h, k} and req(k) ~i req(h) and req(h) ~ req(k) 

where the function req(x) returns the request made by 
process x; 

Such a case is impossible from Theorem 2. 

(b) more than two processes are in deadlock. 

Let us assume x, y, z to be the processes in deadlock 
and AI, A2, A3 to be the arbiters of the pairs (x, y), (x, z), 
and (y, z) respectively. A deadlock situation occurs when 
there is a cycle among the requests stored in Qo~ of the 
arbiters, i.e., 

req(x) ~ req(y), req(z) A~ r eq(x), req(y) ~ req(z) 

All the arbiters use the same criterion to order requests, 
therefore if req(x) Greq(y) and req(z)Greq(x), then 
req(z) ~ req(y) therefore case (b) is impossible. 

Hence, the assumption is contradicted and the claim 
follows. [] 

5.4 A note on the timestamp management 
and the implementation 

The use of the phase-based approach has another impor- 
tant consequence: messages do not need to piggyback 
timestamps. Indeed, according to Lamport's rules [8] and 
Lemma 1, upon exiting each synchronization, logical 
clocks will get the same value in each process (see rule F of 
[6]), with the consequence that they could be reset to zero. 
Moreover, requests are collected in batches during syn- 
chronizations, and in each phase, actions to serve a batch 
are totally ordered, i.e., a GRANT message, a CS execu- 
tion, a RELEASE message, a GRANT message and so on. 
Such motivations show that logical clocks, and then time- 
stamps are unnecessary. 

Regarding the implementation, P/GB algorithms need 
more data structures (Qw) and more code due to synchro- 
nization than Maekawa-type algorithms. On the other 
hand, P/GB algorithms need neither additional messages 
and procedures to recover from deadlock nor logical 
clocks to dispense timestamps. This results in an algorithm 
that is only slightly more complex than that of Maekawa. 

Finally we would like to underline that in Maekawa- 
type algorithms processes that have not participated in 
any action will have a top priority (i.e., low timestamp) 
when they issue a request. This could be an undesirable 
property. P/GB algorithms solve such a problem. 

6 P e r f o r m a n c e  

In this section, the performance of P/GB algorithms are 
compared with the ones of Singhal and Maekawa. Such 
a comparison is done taking into account the number of 
messages exchanged per CS execution (NM) and the syn- 
chronization delay between two successive CS executions 
(D). N M  is analyzed first for the general case and then for 
the optimal configurations of the request sets of each class 
of algorithms. 

6. ! Number of  messages exchanged per CS execution 

In P/GB algorithms, N M  is equal to the number of 
GRANT and RELEASE messages generated per CS exe- 
cution plus a fraction of REQUEST messages necessary to 
manage the synchronization. Such a fraction is evaluated 
taking into account the number of requests in a batch (S,), 
i.e., 

N 

s,, (6.1) NMi = 21Rit + 

where 

I < S ~ < N  

The number 

(6,2) 

of messages per CS execution of 
Maekawa-type algorithms is given by 3 ]R~I in the best case 
and 5 IR~l in the worse. Comparing (6.1) with the worst case 
of Maekawa-type algorithms, it is possible to see that 
P/GB algorithms exhibit a behaviour comparable to that 
of Maekawa when 

2LlIRkl 
-< 31e~l (6.3) 

6.1.1 NM under optimal conditions 

In this secuon we analyze P GB, Maekawa-type, and 
Singhal-type algorithms in the case of configuration of 
requests sets tha! minimize NM. Hence. we compare 
P GB and Maekawa-type algorithms in case of symmetric 
request sets' configuration and the optimal Singhal's solu- 
tion In the case of optimal configuration of requests sets 
(6.1l becomes: 

N M =  2Fx F 1- N I x ~ N -  1] - S~ (6.4) 

The number of messages per CS execution of Maekawa 
symmetric algorithm is given by (3.1) and ,(3.2). Comparing 
(6.41 with (3.1~. it is possible to see that the symmetric 
P/GB algorithm exhibits a behaviour comparable with 
that of Maekawa when: 

S, > N /3 (6.5) 

Comparing 16.41 with (3.2), xt is possible to see that the 
symmetric P/GB algorithm can never require a lesser 
average number of messages per CS execution than the 
best case of Maekawa's symmetric algorithm, since this 
implies S~ > N contradicting 16.2). 

The number of messages per CS execution of Singhal's 
algorithm is given by the (3.3). Comparing (6.4) and {3.3), 
the symmetric P/GB algorithm is better than optimal 
Singhal's solution if 

2N 
s ,  > (6.6) 

3 [ , J N -  1 ] 4 

The better or worse behaviour of P/GB algorithm 
depends on the average number of requests issued within 
a batch as shown in Figs. 6.1 and 6.2. In such Figures, N M  
versus the average S, value is plotted in a distributed 
system with 9 and 100 processes, respectively. In both 



N M  Algor i thm 

, \ 

[ 

/ 

1 . 

! 

M a e k a w a  wors t  case 

S inghal  

Maekawa  best case  

4~5 

I 1 ~ I 
5 7 Sn  

3N_=Z 
2 

3r .~.[~i-O 

Fig. 6.1. (Nm) versus (Sn) in a distributed system with 9 processes 

20O 

~O 

50.8 

Singha[ 

Algorithm 

i 

Maekawa worst case 

1 + _  

1 25.8 50.5 75.2 SII 1(313 

i 
] Mackawa best case 

17'7 ' 133'3 ' I 

3~ 
2 

5r ,v4~zi~q 

Fig. 6.2. (Nm) versus (Sn) in a distributed system with 100 processes 

Figures, the symmetric P/GB algorithm becomes compa- 
rable with that of Maekawa if the average Sn value is 
greater than N/3 (i.e., more than 33.3% of the processes 
make a request in a phase). Moreover, in the symmetric 
P/GB algorithm, increasing the average request rate, N M  
goes to 3 F x / N - 1 ]  (being unaffected by deadlocks), 
whereas, in the symmetric Maekawa algorithm, deadlock 
situations will be more frequent leading to an increase in 
the average N M  value [10]. 

From Fig. 6.1, we see that P/GB algorithm is better 
than Singhal's if the average S, value is greater than 4.5 
(i.e., more than 50% of the processes make a request in 
a phase). In Fig. 6.2, the P/GB algorithm becomes better 
than the one of Singhal if the average S,, value is greater 
than 7.7 (i.e., more than 7.7% of the processes make 
a request in a phase). 

6.2 Synchronization delay between two successive CS 
executions 

To define the delay D between two successive CS execu- 
tions in P/GB algorithms, we have to analyze two different 
situations: 

(1) the process that exits from its CS is not the last one 
of the current batch; 

(2) the process that exits from its CS is the last one of the 
current batch. 
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In the case (1), D is equal to that of Maekawa-type algo- 
rithms (i.e., D is at most 2T). In the case (2), D is equal to 
3T. Indeed, the delay between the exit of the last process of 
the previous batch, say i, and the execution of the first 
process of the current batch, say j, is given by three con- 
secutive messages. These massages are: 

the RELEASE message from i to the arbiter of (i,j); 
the REQUEST message fi'om the arbiter of (i,j) to 
i and j; 
the GRANT message from the arbiter of (i,j) to j. 

Hence, the average value of D in P/GB algorithms is 

T 
DMaekaw a -c - -  (6.7) 

S, 

Therefore, in P/GB algorithms, D is always greater than 
Singhal-type one (i.e., D = T). Under heavy demand, it is 
slightly greater than the one of Maekawa. 

7 C o n c l u s i o n s  

In this paper we evaluated the impact of the insertion of 
a priority discipline in Maekawa-type algorithms, avoid- 
ing starvation. Priority serialization disciplines were in- 
serted by means of a gated batch mechanism. The insertion 
of such a mechanism in "token-based" algorithms with 
concurrent entries to a critical section has been thoroughly 
investigated in [4]. The advantages induced by the use of 
the Gated Batch Priority serialization discipline are the 
following: 

- it permits the serialization of the accesses to a CS ac- 
cording to any kind of discipline including priority-based. 
In particular, P/GB algorithms may take an SJF into 
account; this leads to a smaller response time than the 
FCFS discipline adopted by Maekawa-type algorithms; 
- messages do not need to piggyback timestamps and 
logical clocks are unnecessary; 

P/GB algorithms are inherently deadlock-free. Then, 
extra messages to detect and resolve deadlocks are no 
longer necessary; 
- under heavy demand (i.e., high average request rate), 
there is even a benefit in the number of messages ex- 
changed compared to Maekawa-type algorithms irrespect- 
ive of the serialization discipline. 
The cost we have to pay to avoid starvation is a greater 
message traffic and a greater synchronization delay com- 
pared to Maekawa-type algorithms in the case of low 
demend. 

Acknowledgements. We are grateful to Giacomo Cioffi for his sup- 
port, encouragement and helpful comments. In particular, Giacomo 
contributed to the basic idea of the gated batch processing. Andrea 
Schaerf and Arif Ishaq provided valuable comments that improved 
the clarity of exposition. Authors are also grateful to three anony- 
mous referees for their numerous and constructive suggestions and 
criticisms that greatly improved the presentation and contents of the 
paper. 



180 

References 

1. Agrawal D, Abbadi AE: An efficient and fault-tolerant solution 
for distributed mutual exclusion. ACM Trans Comput Syst 9(1): 
1-20 (1991) 

2. Baldoni R: An O(N M/r ~ distributed algorithm for the k,out 
of-M resources allocation problem. In: Proc of 14-th Int Confon 
Distributed Computing Systems. IEEE Press 1994, pp 81-87 

3. Baldoni R: Mutual exclusion in distributed systems. Ph.D disser- 
tation, Dipartimento di Informatica e Sistemistica, Unversity of 
Rome "La Sapienza", Italy, 1994 

4. Baldoni R, Ciciani B: Distributed algorithms for multiple entries 
to a critical section with priority. Inf Process Lett 50(3): 165-172 
(1994) 

5. De Vries RC: Reducing NULL messages in Misra's distributed 
discrete event simulation method. IEEE Trans Soft Eng 16(1): 
97 107 (1990) 

6. Fidge C J: Logical time in distributed computing systems. IEEE 
Comput 24(8) 28-33 (1991) 

7. Kleinrock L: Queuing systems volume II: computer applica- 
tions. Wiley 1976 

8. Lamport L: Time, clocks and the ordering of events in a distrib- 
uted system. Commun ACM 21(7): 558-565 (1978) 

9. Lavenberg SS: Computer performance modeling handbook. 
Academic Press. New York 1983 

10. Maekawa M: A , i N  algorithm for mutual exclusion in decentra, 
lized system. ACM Trans Comput Syst 3(2): 145-159 (19851 

11. Mostefaoui A. Raynal M: Causal multicast in overlapping groups: 
towards a low cost approach. In: Proc of Int Conf on Future 
Trends of distributed Systems. IEEE Press 1993. pp 136-142 

12. Raynal M: A simple taxonomy for distributed mutual exclusion 
algorithms. ACM Operat Syst Review 25(1t: 47-51 11991) 

13. Ric~rt G. Agrawala AK: An optimal algorithm for mutual exclu- 
sion in computer networks. Commun ACM 24(1t: 9-17 t1981) 

14. Sanders BA: The information structure of distributed mutual 
exclusion algorithms. ACM Trans Comput Syst 5(31:284-299 
(1987) 

15. Schneider FB: Synchronization in distributed programs. ACM 
Trans Prog Lang Syst 4(2~: 179 195 11982/ 

i6. Singhat M: A class of deadlock-free Maekawa-type algorithms 
[or mutual exclusion in distributed systems. Distrib Comput Syst 
4:131 138 (1991) 

17. Singhal M: A taxonomy of distributed mutual exclusion. 
J Paralel Distrib. Comput 18:94-101 ~1993) 

18. Takagi H: Queuemg analysis volume I: vacation and priority 
systems. North-Holland t991 


